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Abstract. Recently it has been recognized that the electromotive force (emf) can be induced just by the spin
precession where the generation of the electromotive force has been considered as a real-space topological
pumping effect. It has been shown that the amount of the electromotive force is independent of the
functionality of the localized moments. It was also demonstrated that the rigid domain wall (DW) motion
cannot generate electromotive force in the system. Based on real-space topological pumping approach in
the current study we show that the electromotive force can be induced by rigid motion of a deformed
DW. We also demonstrate that the generated electromotive force strongly depends on the DW bulging.
Meanwhile results show that the DW bulging leads to generation of the electromotive force both along the
axis of the DW motion and normal to the direction of motion.
PACS. 75.60.Ch Domain walls magnetic properties and materials – 75.78.Fg Magnetization dynamics of
domain structures
1 Introduction
One of the powerful techniques in condensed matter physics
is based on the manifestation of Berry phase in electronic
systems [1,2,3,4]. Berry curvature in momentum space
Ωkk give rise to the anomalous Hall effect [5], in which
the Berry phase concept behave as a link between anoma-
lous Hall effect and topological nature of the Hall currents.
This effect quantitatively has been calculated by abinitio
methods in Refs. [6,7,8,9,10]. As reported in Ref. [11]
topological Hall effect is described by real space Berry
curvature in which emergent real space Berry curvature
acts like a real magnetic field. This effect has also been
observed experimentally in several studies of this field [12,
11,13,14].
In phase space, an adiabatic evolution of a wave packet
generates various interesting Berry phase effects [15]. The
evolution of the wave packet center (rc, kc) in phase space
is describe by a set of semi-classical equations,
∂rc
∂t
=
∂E(rc,kc)
~∂kc
−
(
↔
Ωkr · ∂rc
∂t
+
↔
Ωkk · ∂kc
∂t
)
−Ωkt
(1)
∂kc
∂t
= −∂E(rc,kc)
~∂rc
+
(
↔
Ωrr · ∂rc
∂t
+
↔
Ωrk · ∂kc
∂t
)
−Ωrt,
(2)
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where the energy of the wave packet is E(rc,kc) and
↔
Ω
is the Berry curvature tensor. The Berry curvature tensor
in terms of for (r, t) is defined by
Ωrt =
∂
∂r
At − ∂
∂t
Ar (3)
where
At = i 〈uk| ∂
∂t
|uk〉 (4)
and
Ar = i 〈uk| ∂
∂r
|uk〉 (5)
known as Berry connections (gauge potentials), |uk〉 is pe-
riodic part of the Bloch eigenstate of selected band. We
have focused on space-time Berry curvature, Ωrt, which
determines the emf of the sample. The emf in terms of
Berry curvature is described in Refs. [16,17,18] where the
emf along a path l can be calculated by
emf = −~/e
∫
l
dr ·Ωrt. (6)
It has been shown that DWs could be driven by high
electric currents. This effect can be explained by spin cur-
rent induced spin torque which results in DW dynamics. In
the other words DW could be driven by spin-transfer pro-
cess originates form the spin polarized current [19,20]. It is
ar
X
iv
:1
50
1.
02
60
9v
4 
 [c
on
d-
ma
t.m
es
-h
all
]  
17
 Se
p 2
01
6
2 T. Farajollahpour et al.: Emergence of electromotive force in precession-less rigid motion of deformed domain wall
interesting to know the inverse of the mentioned effect has
also been predicted [21]. In the inverse effect DW motion
could generate an effective electromotive force. Generation
of electromotive force (emf) by moving DW in a ferromag-
netic material, known as a ferro-Josephson effect, which
was reported in experiments performed by Yang etal. [22].
The ferro-Josephson effect has been predicted by Berger in
1986 [21], meanwhile alternative approaches reformulated
this effect [17,23,24].
Electromotive force could be induced by Berry cur-
vature fields in a time-dependent topologically nontrivial
spin texture, for example in a moving domain wall (DW).
In this case it was shown that the space-time Berry cur-
vature measures density of the emf in the real space [18].
It has been demonstrated that the rigid motion of the
DW without precession cannot induce electromotive force
within the topological pumping approach [18]. It should
be noted that the precession-less DW translation takes
place when the DW driving magnetic field is less than the
Walker breakdown field [25]. Therefore the spin precession
has a central role in generation of the electromotive force.
This implies that even precessing of pinned DWs could
generate electromotive force along the system when the
magnetic field is higher than the Walker breakdown field
[18].
In the current work we have obtained the influence of
the DW bulging on real space topological pumping effect
during the rigid DW motion. Results indicate that the
rigid motion of a deformed DW could generate an effec-
tive electromotive force regardless of the amount of the
magnetic filed.
If the generic Hamiltonian takes the form like H =
h(R) · σ̂, where σ̂ is the Pauli matrices, and h(R) depends
on parameters R, then the gauge independent Berry cur-
vature in parametric space R is defined as [26].
ΩRiRj =
1
2
∂(β, cos γ)
∂(Ri, Rj)
(7)
=
1
2
det
(
∂β/∂R1 ∂ cos γ/∂R1
∂β/∂R2 ∂ cos γ/∂R2
)
.
In which the orientation of h(R) in the parametric space
has been a specified by the spherical angles given by cos γ =
hz(R)/|h(R)|, and β = tan−1hy(R)/hx(R). In the present
case in which the exchange interaction of the moving and
localized spins is given by the following HamiltonianHex =
Jσˆ.n̂(r) one can obtain cos γ = nz(θ, φ) and also β =
tan−1 (ny(θ, φ)/nx(θ, φ)).
In which the unit vector n̂(r) = sin θ cosφx̂+sin θ sinφŷ+
cos θẑ describes the direction of the localized spins.
2 Electromotive force due to the rigid domain
wall motion
The localized spin texture of the DW configuration could
be described by the following Hamiltonian
HLoc = −Jloc
∑
<i,j>
n(ri) · n(rj)−
∑
i
γznm · n(ri)
−
∑
i
(K‖n(ri) · eˆ−K⊥n(ri) · eˆ′) + Vpin (8)
In which the first term describes the Heisenberg Hamil-
tonian of the first neighbor spins where Jloc denotes the
exchange coupling constant between the localized spins e
denotes the easy axis while e′ being the direction of the
hard axis. K‖, K⊥ stand for anisotropic constants for easy
and hard axis respectively. n(ri) describes the direction of
the localized spins as mentioned before. γz is the Zeeman
splitting, Vpin stands for pinning potential and nm de-
notes the unit vector describing the direction of the exter-
nal magnetic field. The competition between the exchange
and anisotropic couplings determines the DW width which
is given by d ∼√K‖/Jloc.
Meanwhile the dynamics of the local spins have been
determined with the Landau and Lifshitz equation which
could be expressed as
dn(ri, t)
dt
= γn(ri, t)× nm + αn(ri, t)× dn(ri, t)
dt
, (9)
where α is the damping constant.
DW motion can be considered as a successive spin
switching of the local precessing moments as a result of
the damping procedure. When the magnetic field is higher
than depinning field spin falls along the direction of effec-
tive field during the damping process. This was known as
spin switching process.
DW motion itself could take place in different regimes.
When the magnetic field is less than the Walker break-
down field [25] DW moves actually in a shape preserved
manner. In this case DW makes a rigid movement since
the spin switching process takes place almost abruptly.
Therefore rigid DW motion rests largely on how fast the
spin switching takes place. On the other hand when the
magnetic field is higher than Walker breakdown field, DW
will precess during its translational motion. As shown by
Yang and et al for a moving DW without precession i.e
for rigid DW motion there is no electromotive force in the
system [18]. This could be demonstrated for both Bloch
and Ne´el type DWs. In the absence of the precession, when
the spin switching takes place abruptly, rigid DW motion
could be described by the following profiles
φ = const
θ(x, t) = pi/2 + (pi/2) tanh((x− vDt)/d) (10)
for Bloch type DWs and
φ(x, t) = (pi/2) tanh((x− vDt)/d)
θ = const (11)
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for Ne´el type DWs.
The space and time dependence of β and cos γ are just
given by the spherical angles (θ and φ). Therefore it can
be easily shown that
Ωxt =
1
2
det
(
∂β/∂x ∂ cos γ/∂x
∂β/∂t ∂ cos γ/∂t
)
=
1
2
det
(
∂xθ ∂xφ
∂tθ ∂tφ
)
det
(
∂θβ ∂θ cos γ
∂φβ ∂φ cos γ
)
= Ωθφ det
(
∂θ/∂x ∂φ/∂x
∂θ/∂t ∂φ/∂t
)
. (12)
Using the Eq. 12 it can be inferred that electromo-
tive force generated by DW motion identically vanishes
for rigid translation of the DW in both of the Ne´el and
Bloch-type configurations. This can be easily obtained if
we consider that for either of the profiles given for the
rigid motion of the DW we have
det
(
∂θ/∂x ∂φ/∂x
∂θ/∂t ∂φ/∂t
)
=
∂(θ, φ)
∂(x, t)
(13)
= 0
and therefore Ωxt = 0.
3 Electromotive force generated by the rigid
motion of a deformed domain wall
If we consider the bulging effect in the DW it could be
demonstrated that the rigid motion of the DW generates
an effective electromotive force inside the system. DW
bulging could be characterizes by a position dependent
rotation axis nˆD(r) and the boundary curve of the DW,
where we have assumed that the DW rotation axis should
be directed vertically to the DW boundary surface. This
means that when the DW boundary has been specified by
a surface described by F (r0) = c then DW rotation axis is
given by nˆD(r) = ∇F/|∇F | at each point of the boundary
curve.
In the current case we have assumed a deformed Bloch
type DW. If the direction of the local magnetization is up-
ward at the left boundary of the DW then local direction
of the magnetization could be obtained by the spin rota-
tion operator as follows
σ · n = R†(θ)σzR(θ)
= cos2(θ(XD)/2)σz
+ sin2(θ(XD)/2) cos
2(θ(XD)/2)[σ · nD, σz]
+ sin2(θ(XD)/2)(σ · nD)σz(σ · n), (14)
in which
Rθ(XD) = exp(−iσ · nD(r)θ(XD)) (15)
= 1 cos(θ(XD)/2)− iσ · nD(r) sin(θ(XD)/2),
Fig. 1. A typical form of the deformed DW in the real space.
DW has been placed between two oppositely directed mag-
netic domains. A Bloch-type DW has been considered in which
the DW rotation axis located in the plane of the system. The
bulging of the DW can be formulated if we consider that the
DW rotation axis is always vertically oriented to the DW
boundaries. nD denotes the DW rotation axis while vD in-
dicates the speed of the DW and d is the DW width.
Rθ is the spin rotation operator and XD(r, t) = nˆD(r)·r(t)
is the projection of position vector along the direction of
the DW rotation axis. Accordingly we can obtain
σ · n = (cos(θ(XD)) + 2n2Dz sin2(θ(XD)/2))σz (16)
+(2nDxnDz sin
2(θ(XD)/2)− nDy sin(θ(XD)))σx
+(2nDynDz sin
2(θ(XD)/2) + nDx sin(θ(XD)))σy.
Therefore the unit vector of the local magnetization could
be extracted as follows
n(r) = (17) cos(θ(XD) + 2n2Dz sin2(θ(XD)/2))2nDxnDz sin2(θ(XD)/2)− nDy sin(θ(XD))
2nDynDz sin
2(θ(XD)/2) + nDx sin(θ(XD))
 .
If we restrict ourself to the case of the two-dimensional
DWs i.e. when (nDz = 0) we obtain the simplest case of
two dimensional bulging as follows
n(r) = −nDy sin(θ(XD))xˆ
+nDx sin(θ(XD))yˆ + cos(θ(XD))zˆ. (18)
DW width has been assumed to be locally constant during
the DW rigid motion. The DW motion has been consid-
ered as a successive switching of the local spins that as
mentioned before. In the case of the rigid DW motion it
was assumed that the spin switching time is very short
and a localized spin switches abruptly without precession.
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Meanwhile it was assumed that the DW rigidly moves
along the x axis. Since in this case we can write
φ(y) = tan−1(−nDy(y)/nDx(y)) = −φD (19)
and
XD(r, t) = nD · r (20)
= nDx(x−X0(Y0)− vDt) + nDy(y − Y0)
where X0(Y0) is the left boundary of the DW at the initial
time. This curved boundary preserves its shape during
the DW motion which sweeps and removes the downward
ferromagnetic region (right region in Fig. 1) during the
motion of the DW.
The space time Berry curvature is given by
Ωyt = Ωθφ(∂yφ)(∂tθ(XD)) (21)
= ΩθφnDxvD∂XDθ(XD))(nDx∂ynDy − nDy∂ynDx).
Since we can write n2Dx + n
2
Dy = 1, therefore
nDx(nDx∂ynDy − nDy∂ynDx) = ∂ynDy (22)
Meanwhile in the absence of the Rashba interaction we
have β = φ and cos γ = cos θ and thereforeΩθφ = 1/2 sin(θ).
Accordingly
Ωyt =
pi
4d
sin(θ(XD))vD cosh
−2(XD/d)∂ynDy (23)
and similarly we can obtain
Ωxt =
pi
4d
sin(θ(XD))vD cosh
−2(XD/d)∂xnDy. (24)
Unlike the straight DWs in which the electromotive force
could only generated as a result of the precession, regard-
less of the DW motion, in the current case for deformed
DWs we have shown that the electromotive force could be
generated along the direction of motion and even normal
to this direction.
It should be considered that the averaged electromo-
tive force along the direction of the DW motion could
vanish identically when the DW curve has mirror sym-
metry and the direction of the DW speed is parallel to
the plane of mirror symmetry. Meanwhile, even in this
case the normal electromotive force still survives and the
rigid DW motion could generate an electromotive force
normal to the direction of motion i.e. perpendicular to
the mirror symmetry plane. Therefore the electromotive
force induced by the rigid motion of the domain wall can
identically vanish when the domain wall has two vertical
mirror symmetry planes. However in this case the domain
wall should be formed as a closed symmetric curve i.e.
one of the magnetic domains should be surrounded by its
opposite counterpart.
Without loss of generality we can assume that the
domain wall motion is along the x direction. If we as-
sume that the xz plane is the mirror plane of the DW
therefore X0(−Y0) = X0(Y0), nDx(x,−y) = nDx(x, y)
and nDy(x,−y) = −nDy(x, y). Therefore XD remains un-
changed under the coordinate change: y → −y and Y0 →
−Y0. In this case since Ωxt is an odd function of y the spa-
tial average of the electromotive force along the direction
of the DW motion, (−~/eL) ∫
S
dxdyΩxt, vanishes iden-
tically. Where the integration has been performed over
the DW area which has been specified by S and L is
the length of the DW. Meanwhile in the normal direction
Ωyt is an even function and the averaged electromotive
force, (−~/eL) ∫
S
dxdyΩyt, cannot vanish simultaneously.
Finally we can conclude that electromotive force induced
by the rigid DW motion cannot go all the way to zero for
any arbitrary open curved DWs.
It should be noted that in the previous studies in this
filed [27,28,29] spin-motive force was shown to be propor-
tional to |∂m/∂t × ∂m/∂x|. Since in the precession-less
limit ∂m/∂t identically vanishes, this means that the ze-
roth order spin-motive force is zero for rigid motion of
the DW. Meanwhile if we consider the perturbative in-
duced effects in the effective field of the system, pertur-
bative terms of ∂m/∂t could be non-zero and account-
able. Spatially non-homogeneous magnetization results in
effective magnetic field on conduction electrons given by
Bi ∼ ijk(∂jm × ∂km) ·m. Since the spin torque on the
local magnetization is the opposite of the torque exerted
on the conduction electrons. Therefore local magnetiza-
tion even in the precession-less limit has time evolution
[28].
4 Conclusion
In the current study we have developed the Berry curva-
ture based theory of the DW electromotive force for the
deformed DWs. In the previous studies it has been demon-
strated that for straight DWs rigid motion of the DW
could not contribute in the ferro-Josephson effect [18]. In
the other words this type of domain wall dynamics which
takes place below the Walker field could not generate elec-
tromotive force and the spin precession plays the central
role in the electromotive force generation [18]. However in
the current study we have demonstrated that this is not
the case for the deformed DWs. It has been shown that the
DW bulging results in effective electromotive force in the
case of rigid the motion of the domain wall. In addition we
have shown that the generated electromotive force could
be either along the DW motion axis or in the transverse
direction.
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